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Abstract
The entanglement of different classes of initially entangled qubit pair is investigated
in the presence of short laser pulses of rectangular and exponential shapes with either
one or both qubits are excited. For the rectangular pulse, the detuning parameter
protects the entanglement from degradation and controls its upper and lower bounds.
We show that the upper bounds of entanglement decrease if both particles are excited,
but the lower bounds are much better if only one particle is excited. The phenomena of
entanglement degradation, sudden- death and -birth are shown for small initial time.
Long -lived entanglement behavior, but with a variable degree, appears in the presence
of rectangular pulse. However, in the case of the exponential pulse one obtains an
invariably long- lived entanglement. For the combined case (rectangular + exponential)
, we show that one can generate a long-lived entanglement with small variable by
increasing the strength of the rectangular pulse area and decreasing the Rabi frequency
of the exponential pulse.
Keywords: Pulsed- driven qubits, Entanglement,
1 Introduction
One important research area within the context of quantum information science is investi-
gating the dynamics of travelling states that are utilized to perform quantum information
tasks as quantum teleportation and coding [1]. These states could be subject to noise chan-
nels [2, 3] or dissipative environment [4] and consequent interactions take place. These
interactions may lead to undesirable loss of quantum entanglement (eq. decay and sudden-
death ) that is essential for these states to perform in quantum information processing and
computation [5, 6].
Non-dissipative single qubits when exposed to laser pulses have their energy levels split-
ting dependent on the pulse strength and its off-resonance parameter. Fourier and wavelet
spectral features of the fluorescent radiation of such energy splitting have been investigated
for various shapes of laser pulses ( [7]-[14]). Likewise, travelling quantum states that are ex-
posed to pulsed lasers suffer a change in its entangled properties. Information transfer and
orthogonality speed of a single qubit driven by a rectangular pulse has been recently inves-
tigated by us [15]. Recently it has been shown that quantum correlations can be enhanced
and protected by applying a train of instantaneous pulses (so called bang-bang pulses) on a
two qubit system [16]. Therefore, it is desirable to study the behavior of systems of a single
qubit and two qubits when exposed to different shape of laser pulses.
In the present work, we investigate entangled properties of a class of generalized Werner
state, including partial and maximum entangled states, interacting with two types of pulses,
namely, rectangular and exponential pulses. Time evoluation of the initial state is obtained
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analytically for different cases and the the amount of the survival entanglement is quantified
and computed accordingly.
The paper is organized as follows. In Sec.2, we present the model and its exact operator
solution. The dynamics of entanglement is quantified in Sec.3, where we use the negativity as
a measure of entanglement. The effect of the detuning parameter and the Rabi- frequency
on the entanglement is investigated. Degree of entanglement in the three cases of pulse
excitation of one or both particles, namely, rectangular, exponential and combination of
them, is investigated in Sec.(3-5), respectively. A summary is given in Sec. 6.
2 The suggested Model
Assume that a source supplies two users, Alice and Bob, with a partially entangled (gener-
alized Werner) state [17] defined by,
ρ =
1
4
(1 + cxxσ
(a)
x σ
(b)
x + cyyσ
(a1)
y σ
(b)
y + czzσ
(a)
z τ
(b)
z ). (1)
In (1) a, b stand for Alice and Bob’s qubit, respectively. It assumed that during the trans-
formation from the source to the users’ positions, each qubit interacts with a different pulse.
The full Hamiltonian of this system, within the rotating wave approximations (in units of
~ = 1) is given by [9],
Hˆ(j) = ωaSˆ
(j)
z +
Ω(j)(t)
2
{
Sˆ
(j)
+ e
−iω(j)
l
t + c.c)
}
, (2)
where i = a (Alice qubit) and i = b (Bob qubit), the spin-1
2
operators
ˆ
S
(i)
± ,
ˆ
S
(j)
z obey the
Su(2) algebra,
[Sˆ
(j)
+ , Sˆ
(j)
− ] = 2Sˆ
(j)
z , [Sˆ
(j)
z , Sˆ
(j)
± ] = ±Sˆ
(j)
± . (3)
The parameter Ω(j)(t) = Ω
(j)
0 f
(j)(t) where Ω(j) represents the real Rabi frequency associated
with the laser pulse and f (j)(t) is a dimensionless parameter describes the pulse shape. For
the rectangular pulse this function is defined as
f (j)(t) =
{
1 for t ∈ [0, T ]
0 otherwise,
(4)
where the pulse duration T is much shorter than the lifetime of the atomic upper state,
hence atomic damping can be discarded. For the exponential pulse of widith γp the function
f (i)(t) is defined as [14]
f (j)(t) =
{
e−γpt for t ≥ 0
0 for t < 0.
(5)
To solve the system which is given by the equations (1,2), we introduce operators.
σˆ
(j)
± (t) = Sˆ
(j)
± (t)e
∓iω(j)
l
t, σˆ(j)z (t) ≡ Sˆ
(j)
z (t), (6)
in the rotating frame where the σˆ operators obey the same algebraic form of Eq.(3). The
time evolution of the operators σˆ±,z(t) according to (2) are given by,
σˆ(j)x (t) = A
(j)
x (t)σˆx(0) +A
(j)
y (t)σˆy(0) +A
(j)
z (t)σˆz(0),
σˆ(j)y (t) = B
(j)
x (t)σˆx(0) + B
(j)
y (t)σˆy(0) + B
(j)
z (t)σˆz(0),
σˆ(j)z (t) = D
(j)
x (t)σˆx(0) +D
(j)
y (t)σˆy(0) +D
(j)
z (t)σˆz(0), (7)
2
where, the c-number time -dependent functions Ai(t),Bi(t) and Di(t) are given by
A(j)x (t) =
1
2
[
C
(j)
+ (t) + C
(j)
− (t) + c.c.
]
, A(j)y (t) =
i
2
[
C
(j)
+ (t)− C
(j)
− (t)− c.c.
]
,
A(j)z (t) =
1
2
(C(j)z (t) + c.c)
B(j)x (t) = −
i
2
[
(C
(j)
+ (t) + C
(j)
− (t)− c.c.)
]
, B(j)y (t) = iB
(j)
x (t), B
(j)
z (t) = −iA
(j)
z (t)
(8)
The expressions for the coefficients C
(j)
± , C
(j)
z , D
(j)
x , D
(j)
y and D
(j)
z will be given below according
to the type of the applied pulse. By using these results, the time evolution of the initial
state (1) is given by
ρab(t) =
1
4
[
1 + C˜xxσ
(a)
x σ
(b)
x + C˜xyσ
(a)
x σ
(b)
y + C˜xzσ
(a)
x σ
(b)
z + C˜yxσ
(a)
y σ
(b)
x
+ C˜yyσ
(a)
y σ
(b)
y + C˜yzσ
(a)
x σ
(b)
z + C˜zxσ
(a)
z σ
(b)
x + C˜zyσ
(a)
z σ
(b)
y + C˜zzσ
(a)
z σ
(b)
z
]
, (9)
where, the nine coefficients C˜kl(t); k, l = x, y, z are given by,
C˜kl(t) = A
(1)
k (t)A
(2)
l (t)cxx(0) + B
(1)
k (t)B
(2)
l (t)cyy(0) +D
(1)
k (t)D
(2)
l (t)czz(0) (10)
In the following two sections, we evaluate the time evolution of the initial state described by
Eq.(1) for different types of pulses. we investigate the dynamics of entanglement of different
classes of initial states. If we set cxx(0) = cyy(0) = czz(0) = −1, one gets the maximum
entangled single state [18]. For the Werner state, cxx(0) = cyy(0) = czz(0) = x, which
represents partially entangled states for −1
3
≤ x ≤ 1
3
and seperable otherwise.
As for the dynamics of entanglement, we use the negativity as a measure of entanglement.
This measure has been introduced by K. Zyczkowski et. al [20] and states that if the
eigenvalues of the partial transpose of ρab(t), namely, ρ
T2
ab(t) are given by µi; i = 1, 2, 3, 4,
then the degree of entanglement (DOE) is given by,
E(t) =
4∑
i=1
µi − 1, (11)
where, 0 < E(t) < 1.
3 Rectangular Pulse Case
In this section we consider the effect of the rectangular pulse (4) on the degree of entangle-
ment. In this case, the coefficients C
(j)
± (t), C
(i)
z (t), D
(j)
x (t), D
(j)
y (t) and D
(j)
z (t) are given by, (cf
3
[9]),
C
(j)
+ (t) =
1
2
{(Ω(j)
Ω
(j)
1
)2
+
(
∆2(j) + Ω
2(j)
1
Ω
2(j)
1
)
cos(Ω
(j)
1 t)
}
+ i
∆(j)
Ω
(j)
1
sin(Ω
(j)
1 t)
C
(j)
− (t) =
1
2
(
Ω(j)
Ω
(j)
1
)2
(1− cos(Ω
(j))
1 t)),
C(j)z (t) =
∆(j)Ω(j)
(Ω
(j)
1 )
2
(
1− cos(Ω
(j)
1 t)
)
− i
Ω(J)
Ω
(j)
1
sin(Ω
(j)
1 t)
D(j)x (t) =
∆(j)Ω(j)
Ω
2(j)
1
(
1− cos(Ω
(j)
1 t)
)
, D(j)y =
Ω(j)
Ω
(j)
1
sin(Ω
(j)
1 t),
D(j)z (t) =
(Ω(j)
Ω
(j)
1
)2[
cos(Ω
(j)
1 t) +
(∆(j)
Ω(j)
)2]
, (12)
where Ω
(j)
1 =
√
(Ω
(j)
0 )
2 + (∆(j))2, ∆(j) = ω(j) − ω
(j)
l .
Using Eqs.(9) and (12), one obtains the time evoluation of the initial density operator(1) in
the presence of the local rectangular pulse. In this context, we investigate the effect of the
detuning parameter ∆(j) and the Rabi frequency Ω(j) on the dynamics of the entanglement.
We consider three different initial states of the two non- interacting qubits:
(i) Maximum entangled state which is characteristed by cxx(0) = cyy(0) = czz(0) = −1. This
state is defined as Bell state (singled state), ρψ− =
∣∣ψ−〉〈ψ−∣∣ where ∣∣ψ−〉 = 1√
2
(
∣∣01〉− ∣∣10〉),
(ii) Werner state, where we assume that cxx(0) = cyy(0) = czz(0) = −0.9, which represents
a class of partially entangled states, and
(iii) Generalized Werner state, or x − state, where we assume that cxx(0) = −0.9, cyy(0) =
−0.8, and czz(0) = −0.6.
Having prepared the two qubit initially in any of the three aforementioned entangled
states, we consider next two cases:
3.1 One driven-qubit
Here, we assume that only one qubit is driven by a rectangular pulse. This means we excite
one qubit locally and then look globally for the entanglement of the whole system. We
calculate the entanglement parameter E(T ) at the end of the pulse duration t = T and take
the pulse area parameter ΩT/2pi = n and define the normalized detuning ∆′(j) = ∆(j)/Ω.
At exact resonance ∆′(1) = 0 (Fig.(1a)), E(T ) keeps its initial values for integer values
of (n), whilst for non-integer values of (n) it is relatively reduced. For non-zero detuning ,
∆′(1) 6= 0, Fig.(1b) shows that with increasing pulse area parameter n = 20, E(T ) approaches
zero value with the initial generalized Werner state i.e., the less entangled initial state turns
into separable state, while the maximum initial state (Bell-state) keeps the entanglement
to non-zero lower bound. Further increase of ∆′(1) causes increase in the lower bounds of
entanglement increases for all initial states. Also, E(T ) shows its periodic behaviour with
further increase of (n).
3.2 Two driven-qubit
When both qubits are driven by two resonant rectangular pulses, Fig.(2a) shows that, E(T )
decreases( as compared with Fig.(1a)) as (n) increases to reach its lower bound. For non-
resonant case (∆(1) = ∆(2) = 5), Fig.(2b) shows that the degree of entanglement between
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Figure 1: Degree of entanglement E(T ), at the end of the rectangular pulse against the pulse
area parameter (n), where only one qubit is driven by the rectangular pulse. (a)∆(1) = 0,
(b) ∆(1) = 1
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Figure 2: As Fig.(1) but with both qubits driven with rectangular pulses. (a) ∆(1) = ∆(2) =
0, (b) ∆(1) = ∆(2) = 5
the two qubits decreases to reach their lower bounds. However for larger time, the degree
of entanglement, E(T ) increase to reach its upper bounds. The effect of changing the Rabi
frequencies induces different oscillatory patterns.
4 Exponential Pulse Case
For resonant exponential pulse shape as defined in (5) the coefficients C
(j)
± , C
(i)
z κ
(j)
y and
Djx,D
(j)
y and D
(j)
z are given by [14],
C
(j)
± =
1
2
(1± cosλ(j)(t)), C(j)z = −i sin λ
(j)(t)
D(j)x = 0, D
(j)
y = sinλ
(j)(t), D(j)z = cosλ
(j)(t), (13)
where λ(j)(t) = Ω
(j)
γ
(j)
p
(
1 − e−γ
(j)
p t
)
. Here, we investigate the effect of the normalized Rabi
frequency Ω′ = ( Ω
γp
) on the degree of entanglement between the two qubits if one or both
of them are driven. Fig.(3) shows the behavior of E(T ′); T ′ = γpt, when only one particle
is driven with an exponential pulse. It is clear that, for small values of the time T ′ ∈ [0, 3],
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Figure 3: Degree of entanglement E(T ′) against the normalized time T ′ = γpt in the case
of of local exponential pulse with Rabi frequency ( Ω
γp
) = 5(a), ( Ω
γp
) = 10(b), where only one
particle is driven. The solid curve, dot and dash-dot curves for systems prepared initially
in maximum entangled state, partial entangled state with cxx = cyy = czz = −0.9 and
cxx = −0.9, cyy = −0.8, czz = −0.7, respectively.
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Figure 4: The same as Fig.(3) but with both particles are driven with exponential pulses.
the entanglement E(T ′) decreases fast to reach its lower bound. Also, the initial state with
smaller degree of entanglement turns into a separable state. However, as T ′ increases further
the degree of entanglement between the two particles doesn’t change. This means that we
have a long lived entangled state with a fixed degree of entanglement. For larger values
of Rabi frequency, Ω′ = 10, the number of oscillations on the time interval T ′ ∈ [0, 1.9]
increases and the phenomenon of sudden death and birth appear. However for larger time,
the entanglement E re-birthes to reach its maximum values and then behaves invariably. All
of these phenomena can be observed in Fig.(3b).
Fig.(4a) displays the behavior of E(T ′), when both particles are locally pulsed with an
exponential pulse. The attitude of the entanglement is similar to that shown in Fig.(3).
However the entanglement doesn’t vanish and their lower bounds are larger than those shown
in Fig.(3), where only one particle is driven. As the ratio Ω′ = ( Ω
γp
) increases, the number
of oscillations increases. As the time increases further, the entanglement E(T ′) increases to
reach its upper bound and then behaves invariably.
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Figure 5: Degree of entanglement for a system initially prepared in maximum entangled
state (solid-curve), Werner state (dot-curve) and generalized Werner state (dash-dot curve).
It is assumed that, Alics’s qubit is driven with a rectangular pulse and Bob’s qubit is driven
with an exponential pulse. We consider the resonant case i.e. ∆1 = ∆2 = 0 and (a)
Ω(1) = 1, ( Ω
γp
) = 5, (b) Ω(1) = 2, ( Ω
γp
) = 5, (c) Ω(1) = 1, ( Ω
γp
) = 10, (d) Ω(1) = 2, ( Ω
γp
) = 10.
5 Combined rectangular and exponential pulse case
In this section, we assume that Alice’s qubit is driven with a rectangular pulse as defined by
(??), while Bob’s qubit is driven with exponential pulse, (??). The dynamics of entanglement
is displayed in Fig.(5), for different values of the pulses parameters. Fig.(5a) describes the
behavior of the entanglement between the two qubits for ω(1) = 1 and ( Ω
γp
) = 5. It is clear
that at t = 0, the entanglement E = 1 for the maximum entangled state and E < 1 for the
partially entangled states. The general behavior is similar to that depicted for the previous
cases i.e., the degree of entanglement between the two qubits decay as t increases. However
the upper and lower bounds of E depends on the initial entanglement between the two qubits.
Fig.(5b) displays the behavior of E for larger value of rectangular pulse strength i.e., we set
Ω(1) = 2, while we fix the strength of the exponential pulse. This behavior shows that the
number of oscillations increases and the upper and lower bounds of entanglement increase.
In Fig.(5c&5d) we depict the behavior of the degree of entanglement between the two qubits
for larger values of the exponential pulse, where we set ( Ω
γp
) = 10. It is clear that the upper
and lower bounds are much larger compared with those shown in Fig.(5a&5b). However for
system initially prepared in smaller degree of entanglement, the entanglement is temporary
vanishes and rebirths again [21]
From Fig.(5), one concludes that for small rectangular pulse area (i.e., small ω(1)) the
phenomena of long -lived entanglement is remarkable. Increasing the number of oscillations
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(due to large pulse area) has a noticeable effect on the lower and upper bounds of entan-
glement. For larger values of Rabi frequency ω′ = Ω
γp
of the exponential pulse the upper
and lower bounds increase larger than that shown for rectangular pulse. The phenomena
of vanishing and re-birthing of entanglement is shown for larger values of ω′ in the case of
exponential pulse.
6 Conclusion
Effects of rectangular and exponential pulse shapes on the entanglement between two ini-
tially entangled particles, maximally or partially, are discussed. We consider either one or
both particles are driven. We show that, in the presence of the rectangular pulse the detun-
ing parameter protect the degree of entanglement between the two particles from vanishing,
where for the resonant case, the entanglement vanishes for small pulse time duration. Con-
sequently, one can keep on a long - lived entanglement between the two particles. Although
the upper bounds of the degree of entanglement between the two particles decrease as the
detuning parameter increases, the lower bounds are improved. It is shown that, if only one
particle is driven then the entanglement reaches its initial values by increasing the detuning
paprmeter. However, if both particles are driven, then the upper bounds are always smaller
than the initial one for larger values of the detning parameter. Rabi- oscillations have no
effect on the lower and upper bounds of the survival amount of entanglement. However, the
number of oscillations of the entanglement increases for larger values of Rabi-frequency, as
expected.
In the presence of the exponential pulse, the phenomena of the sudden-death and -birth
of entanglement appear for smaller time. On the other hand, for larger time, the long-lived
entanglement is invariable. In this case, Rabi frequency plays an essential role on controlling
the lower and upper bounds of entanglement. It is shown that, as one increases the Rabi
frequency the entanglement is protected from being lost even for small intervals of time.
For the combined case, the long-lived entanglement is depicted for small strength values
of the rectangular and exponential pulses. However, with larger strength of the exponential
pulse, the upper bounds increase while the lower bounds of entanglement decreases and
completely vanish for less initially entangled pairs. The oscillations of entanglement between
its lower and upper bounds increase as the exponential pulse increases
In conclusion: one can protect the entanglement between two initially entangled particles
by pulsed excitation of one or both particles. The rectangular pulse keeps a long-lived
entanglement between the two particles, but with variable degree. On the other hand,
excitation with the exponential pulse generates an invariable long-lived entanglement.
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